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Abstract—In this paper, considering a braided continuum soft-
robot, whose radial deformation is constrained but elongation
is assumed, a quasi-Lagrangian model is proposed that meets
the Lagrangian models properties, including a well-posed input
matrix. Actuation is considered throughout three inner pressure
cambers, and torsional effects are neglected. The closed-form
analytical model is obtained using a scalar varying mass density
field, previously neglected in the literature, which produces on
one hand a varying center of mass, which generally does not
lay in the backbone curve, and one the other hand a coordinate-
dependent inertial tensor. The Lagrangian approach enforces the
basic skew symmetric property, thus exhibiting passivity. The
advantage of dealing with all these effects together display the
following distinct features: i) the Lagrangian soft-robot dynamic
model is similar to the Lagrangian rigid-robot case; ii) the non-
linear system is affine in the control input; iii) the continuum
deformable body stands for a segment of constant curvature,
when interconnected with other segments of different constant
curvature each, would leads to a quasi-continuum n-segments
variable curvature soft-robot, yet preserving the aforementioned
previous features of one segment.
I. INTRODUCTION
Soft robots have emerged as an irruptive technology show-
ing impressive success at prototype level applications, versus
conventional rigid robots, in particular for interaction tasks
where contact compliance is desired.
A sound dynamical model is fundamental to represent the
underlying mechanisms in time of main dominant physical
phenomena of a given physical system. However, a dynamic
mathematical model that substantiates subsequent rigourous
design and control developments remains an open research
problem since among the several models that has been pro-
posed for soft-robots, there has not been proposed a La-
grangian model with similar structural properties of its rigid
counterpart.
We argue that the lack of a convenient dynamic model
may lead researchers to practice an empirical approach under
a variety of assumptions hard to meet in practice or with
hypothesis difficult to prove rigorously. Nonetheless, this past
few years we have seen that this has promoted a positive
impact, since contributions from several fields has improved
the understanding in particular subjects. With such closed-
form analytical model, we may have a common ground for
developing model-based controllers.
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In this paper, we present a novel dynamic model for a
braided continuum soft-robot, which has structural properties
“similar” to those models for rigid robots, including passivity,
and some canonical forms. A well-posed input matrix for the
robot is modelled using pneumatic energy fields. All these
lead to address a model that facilitates design and control
based on some tools previously proposed for rigid robots.
Clearly, those tools cannot be used mutatis-mutandis for soft-
robots and studies are required to extend the rigid robot’s
methodologies to the use in soft-robots. Interestingly, with
this model, there are several similarities between soft and rigid
robots, thus some scientific knowledge available for the former
can be extended to the latter.
II. OUR PROPOSAL
We assume an homogeneous continuum body with highly
deformable properties which can bend due to its own weight
(even in the absence of external loads) as a result of the poten-
tial energy. The kinematic modelling follows the premises that
the deformable cylindrical shape of the robot has no torsional
deformations, and its curvature is constant along the whole
unitary body, which throughout this paper we refer to as the
segment.
The robot inertial effects rely on D’Alembert’s principle,
expressed in its variational form relaxing the virtual work
constraint. All the mechanical expressions arise after volume
integration of the body particles, including the inner forces
due to the viscoelastic effects of the material. On this regard
the classical assumption in the literature that the center of
mass is placed along the backbone curve, [1], [2], [3], [4], is
naturally relaxed in our approach. All these features facilitate
the inclusion of a key aspect in the dynamic modelling of soft-
robots: a scalar density field function, which has never been
reported to the best of the authors’ knowledge. The pressure
input effects are computed after the virtual work principle. The
assumption that the pressure on each chamber produces a force
at the centroid of the vessel projected area on the end-effector
plate, produces an affine system in the control input.
III. KINEMATIC MODELLING
A. One constant curvature segment with inertial root frame
The basic kinematic model is based on the the one presented
in [4] for constant curvature segments (shown in Fig. 1), where
three deformation coordinates:
qe ,
(
l, ψ, κ
)T ∈ R+ × T× R+ ⊂ R3
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Fig. 1: Left: Illustration of deformation generalised coordinates. Right: Polar
coordinates of any point p at the ”slice” defined by s-frame Σs.
of a non torsional flexible body which express both position
and attitude of an end-effector frame Σe w.r.t. the root frame
Σr:
de/r(qe) = Rz,ψ(ψ)dx,z(l, κ) (1a)
Rer(qe) = Rz,ψ(ψ) Ry,θ(l, κ) R
T
z,ψ(ψ) (1b)
These coordinates are: 1) the length l > 0 of the backbone
curve of the deformable body, 2) the curvature’s azimuth ψ ∈
[−pi, pi] describing the bending direction w.r.t. the x-axis of
the root frame, and 3) the constant curvature κ = 1/rk > 0
along the body which describes the bending magnitude as the
inverse of the radius rk of the corresponding circular segment.
The end-effector’s (actually the tip’s frame) forward kine-
matics (1) is well-posed for any configuration qe. Note,
however, that the inverse kinematics i.e. qe = qe(R
e
r,de/r)
is not well-posed for the singular configuration at κ = 0. In
this work this singular configuration is not longer considered.
However since this pose, as κ = 0 is the rest configuration (and
presumably the most used one) future work shall be conducted
to overcome this drawback.
At velocity level, it arise straight-forward that both velocity
kinematics, linear and angular velocities of the tip’s frame are
function of both the generalised coordinates and generalised
velocities: ve = ve(qe, q˙e) and ωe = ωe(qe, q˙e).
B. Constant curvature segment with non-inertial root frame
To extend the above kinematic model, the non-inertial 3D
root frame of a segment is parameterised w.r.t. a common
overall base frame Σb, with position d ∈ R3 and rotation
matrix R(θ) ∈ SO(3), using a minimal attitude parametri-
sation θ ∈ S3. Then, the pose p = (d,θ)T can be set as
the complementary generalised coordinates that describe the
position/attitude of the segment using:
q =
(
d, θ, qe
)T ∈ R9
and the forward kinematics of the end-point frame of such
segment yields:
de/b(q) = d+R(θ) de/r(qe); R
e
b(q) = R(θ)R
e
r(qe).
C. Kinematics for any particle
In order to compute the velocity (used to produce the kinetic
energy) at any point in the soft-body it is possible to define
a virtual s-frame Σs located along the backbone curve of the
segment at a distance s , αl for α = [0, 1] whose z-axis is
oriented tangent to the backbone curvature; and its x- and y-
axis are produced after a simple rotation of an angle θ¯ = s/rk
in the plane defined by the azimuth deformation of the segment
(see Fig. 1). Therefore, the position and orientation of any s-
frame can be easily computed w.r.t. the root frame after (1)
by replacing the generalised coordinate l with the arbitrary
segment distance s (with θ¯ = αlκ):
ds/r(qe, α) = Rz,ψ(ψ)dx,z(s, κ)
Rsr(qe, α) = Rz,ψ(ψ) Ry,θ¯(s, κ) R
T
z,ψ(ψ)
Finally the relative Cartesian position of any point in the
body segment can be parameterised with polar coordinates
(r, φ) ∈ [0, rs]× [−pi, pi] in the x-y plane of the local s-frame
(see Fig. 1-right): rp/s(r, φ) =
(
r cos(φ), r sin(φ), 0
)T ∈
R3; where rs is the radius of the cylindrical soft-robot
body. Then the Cartesian position of any point in the de-
formable object w.r.t. the root frame coordinates becomes:
rp/r = ds/r(qe, α) + R
s
r(qe, α)rp/s(r, φ). Notice that it is
possible to define a unique vector with toroidal coordinates
b = (α, r, φ)T ∈ R2+ × T ⊂ R3 such that position of any
point/particle can be characterised as rp/r = rp/r(qe, b). And
of course, the position of any point p w.r.t. the base (inertial)
frame becomes:
dp/b(q, b) = d+R(θ) rp/r(qe, b)
The velocity at this arbitrary point with given constant
coordinates b is thus given by the time derivative of last
expression:
d˙p/b = R(θ)
(
v + ω × rp/r(qe, b) +
∂rp/r(qe, b)
∂qe
q˙e
)
where v = v(r)r/b = R
T (θ)d˙ ∈ R3 is the linear velocity
of root frame’s origin w.r.t. the base frame in local (root’s
frame) coordinates, and ω = ω(r)r/b =
lJθ(θ)θ˙ ∈ R3 is the
angular velocity of the root frame w.r.t. the base frame, also
in local coordinates, such that R˙(θ) = R(θ)[ω×], where [a×]
is skew-symmetric cross product operator of vector a ∈ R3,
and lJθ(θ) is the operator that transforms the time derivative
of the chosen minimal attitude parametrization to the angular
velocity with local frame coordinates. Notice that after the
following definition of a quasi-Lagrangian coordinates vector:
ξ ,
(
v, ω, q˙e
)T ∈ R9,
the particle’s velocity d˙p/b(q, ξ˙, b) ∈ R3 yields:
d˙p/b = R(θ)
[
I3, −
[
rp/r(qe, b)×
]
, Jp(qe, b)
]
ξ˙ (2)
where Jp(qe, b) =
∂rp/r(qe,b)
∂qe
is the Jacobian matrix of the
relative position of point p w.r.t. the root frame, dependent
only on the variable deformation coordinates qe and the the
corresponding constant values b. Finally the transformation:
T (θ) , diag
[
RT (θ), lJθ(θ), I3
]T
transforms the gener-
alised velocity vector to the quasi-Lagrangian coordinates
ξ = T (θ)q˙. (3)
The inverse transformation fails only for the attitude repre-
sentation singularities (different from the configuration singu-
larity), which can be avoided either if the root frame attitude
does not achieve any of these configurations or the attitude
representation is switched at the singularities.
IV. DYNAMIC MODELLING
It is well know that the n-dimension Lagrange equation:
d
dt
∂K(q,q˙)
∂q˙ −
∂K(q,q˙)
∂q = Q ∈ Rn, for a given generalised
coordinates vector q ∈ Rn arise after the addition of all the
N particles j in the system whose Newton motion equations
are written in D’Alembert’s principle in homogeneous form
with variational terms:
∑N
j=1
(
mjd¨j − f j
)
· δdj = 0,; where
variables mj ,dj ,f j stands respectively as the particle mass,
its inertial position and the total of the applied forces. Also
δdj stands for the admissible [local] motions of each particle.
In this formulation the applied forces are considered to be
the addition: f j = fej + frj ∈ R3, of effective forces
fej and restrictive ones frj , which in the case of holonomic
restrictions (for instance in rigid bodies) due to the virtual
work principle, the last do not produce any Work in the
admissible motion directions. In this regard the restriction
forces frj vanishes and the generalised force vector Q ∈ Rn
in Lagrange equation becomes the addition of the cotangent
projection (with Jj(q) =
∂dj
∂q ∈ R3×n) of the effective forces
over the generalised space: Q =
∑N
j=1 J
T
j (q)fej .
If the holonomic condition over the particles positions in
the body is relaxed, as for soft-bodies, then the restriction
forces shall not vanish. Instead they must be introduced in
the above mentioned analysis yielding a modified generalised
forces vector: Q =
∑N
j=1 J
T
j (q)
(
fej + frj
)
; which is
indeed composed by the original term plus the the inner visco-
elastic forces τ ve =
∑N
j=1 J
T
j (q)frj 6= 0; due to the natural
deformation of the body.
These visco-elastic forces are often modelled as the addition
of a pure elastic restoring force and a pure viscous dissipative
term, both homogeneous to the generalised coordinates and
velocity, [5]: τ ve = −Ke(q − q0) − Dq˙; for semi-positive
definite matrices (Ke, B) ≥ 0 and neutral (undeformed)
configuration q0. The rest of the equation remains exactly as
the Lagrange one, inheriting the corresponding properties.
Due to the fact that the root frame in a general soft-
robot segment is non-inertial, its kinetic energy is more easily
expressed with the quasi-Lagrangian coordinates, with the use
of (2):
K(q, ξ) =
1
2
∫
B
d˙
T
p/bd˙p/b dm =
1
2
ξTMξ(qe)ξ (4)
Where dm = ρ(·)dV stands for a mass differential, as
the product of a density value and the volume differential
which arise after the toroidal coordinates as dV = −r l (1 −
κr cos(ψ−φ)) dα dr dφ. The system inertia tensor Mξ(qe) =
MTξ (qe) > 0;∈ R9×9 in quasi-Lagrangian coordinates arise
after the body’s mass integration and it is a symmetric positive
definite matrix, depending only in the deformation generalised
coordinates:
A. The density field function
When the soft-robot segment is deformed there is a variation
of matter concentration inside the body, meaning an non
homogeneous density. The undeformed density ρ0 (at neutral
configuration) can be computed after definition as ρ0 = mA0l0 ,
where the overall volume is the product of the cross-section
area A0 and the undeformed backbone’s length l0.
After the no radial deformation assumption, the cross-
section area remains constant, and the segment can be consid-
ered to be formed by a large number of flexible columns with
infinitesimal thickness and length lb. Each of these columns
can be defined by al particles in the body that have the same
polar coordinates r and φ for all the slides in the segment,
and thus would exhibit an homogeneous deformation along
it. In consequence the density along any line lb, parallel to
the backbone line is easily computed as ρb = mA0 lb = ρ0
l0
lb
.
Finally the length lb is found by geometry, depending on the
constant polar coordinates of any point along the column as:
lb = l(1− κr cos(ψ − φ)).
Thus, the scalar density field in the soft-robot segment is
function of the deformation generalised coordinates and two
elements of the toroidal coordinates:
ρ(qe, r, φ) = ρ0
l0
l(1− κr cos(ψ − φ)) (5)
1) The system inertia tensor: The full rank square matrix
Mξ(qe) in (4) with quasi-Lagrangian coordinates adopts, after
the volume integration, the following form:
Mξ(qe) =
 mI3 −m[rcm(qe)×] Nv(qe)m[rcm(qe)×] I(qe) Nω(qe)
NTv (qe) N
T
ω (qe) He(qe)
 (6)
And after the kinematic transformation (3) the kinetic energy
becomes the classical expression: K(q, q˙) = 12 q˙
TH(q)q˙, with
H(q) = TT (θ)Mξ(qe)T (θ) = H
T (q) > 0 being indeed
the inertia tensor in Lagrangian coordinates, upon which
the Lagrangian model arise straight-forward after Lagrange
equation:
H(q)q¨ + C(q, q˙)q˙ + g(q) +Dq˙ +Ke(q − q0) = τ (7)
where the Coriolis matrix can be computed using the Christof-
fell symbols of the first kind which guaranties the skew-
symmetric condition C + CT = H˙; and the gravity vector
g(q) =
∂U(q)
∂q arises after the well known gradient of the
gravitational potential energy, and the generalised force vector:
τ =
(
τ d τ θ τ p
)T ∈ R9
is such that the coordinates τ d and τ θ stand for the generalised
forces applied at the pose of the root frame. It is worth noticing
that the force coordinates τ θ have no physical meaning.
B. The affine input matrix
The soft-robot body is controlled by three independent
inner cylindrical pressure chambers which are inflated with
pressurised air such that body is deformed in the admissible
directions causing motion. These chambers are 3 cylindrical
holes (with constant diameter) along the body with cross-
section area Ach, whose geometric center is located over a
circumference of radius rch, and separated 2pi/3 rad one from
the other. Again, no radial nor torsion deformation for the
chambers is assumed.
At the tip plate of the body, each chamber generate a
force fpi ∈ R3 applied at the center of pressure cpi , whose
magnitude |fpi | = piAch is proportional the the inner pressure
pi and whose direction is along the z−axis in the end-effector
frame, given by Rer(qe)k (computed in (1)). Thus, the applied
force at each center of pressure is fpi = R
e
r(qe)kAch pi =
Rz,ψ(ψ)Ry,θ(l, κ)kAch pi ∈ R3; and the center of pressure
is obtained evaluating cpi(qe) = rp/r(qe, b)|α=1,r=rch,φi for
φi = {0, 2pi/3, −2pi/3} for chamber i.
For the inertial root frame case, after the the virtual work
principle, the three pneumatic forces can be mapped to the
Lagrange generalised coordinates after the power equality q˙e ·
τ pi − vcpi · fpi = 0 and the linear velocity expression of the
center of pressure at each chamber vcpi = Jci(qe)q˙e ∈ R3
where Jci(qe) =
∂cpi
∂qe
∈ R3×3. Then the generalised force
produced by the pneumatic chambers becomes:
τ p =
3∑
i=1
τ pi = B(qe)p ∈ R3 (8)
where the affine input matrix B(qe) ∈ R3×3 adopts the
following configuration dependant form:
B(qe) = Ach
[
JTc1(·)Rer(·)k JTc2(·)Rer(·)k JTc3(·)Rer(·)k
]
and p = (p1, p2, p3)T ∈ R3 the pressure input vector.
C. The Quasi-Lagrangian Model
The Quasi-Lagrangian equation arise after the Power equiv-
alence and Virtual Work principle: q˙ · τ = ξ · τ ξ and
the kinematic transformation (3); with a quasi-Lagrangian
generalised force vector:
τξ =
(
f n τ p
)T ∈ R9
where the vectors (f ,n) ∈ R3 are indeed the (real) force and
torque vectors applied at the origin of the root frame (having
indeed a physical meaning).
Then the quasi-Lagrangian model arise as
Mξ(qe)ξ˙+Cξ(q, ξ)ξ+gξ(q)+Dξξ+Kξ(q−q0) = τξ (9)
with proper equivalences; where one possible Coriolis
matrix can be: Cξ(q, ξ) = T−T (θ)C(q, q˙)T−1(θ) −
Mξ(qe)T˙ (θ)T
−1(θ). Then the skew-symmetric condition is
preserved in the quasi-Lagrangian model: Cξ + CTξ = M˙ξ,
which in turn assures passivity with the passive mapping
between the quasi-Lagrangian generalised force and the quasi-
Lagrangian coordinates, [6].
V. SIMULATIONS
An extensive numerical study was conducted using param-
eters characterised from a physical prototype, developed by
the Research Center for Applied Chemistry (CIQA), Mexico.
Results showed the expected numerical behaviour, predicted
by proposed model. Due to space limitations, full parametric
details are omitted. However illustrative plots, videos and
renders can be found after request to authors.
VI. REMARKS AND CONCLUSIONS
The proposed mathematical model is useful to address
conventional as well as novel control schemes, either in open-
or closed-loop architecture with the plethora and arsenal of
tools of dynamical systems, including advanced passivity and
robust methods based on Lyapunov stability, the powerful
(continuous) variable structure control and more recently
fractional control tools, in either model-based or model-free
fashion. Limitations for numerical computation are similar to
the rigid case, of course with proper variable steep numerical
methods, with finite dimension. Requirements for real system
implementations require further development of embedded
electronics and vision.
Work is under way to produce a closed-form Euler-Lagrange
braided dynamical model based on variable curvature, includ-
ing experiments. Future work includes removing the radial
constraint, then radial deformation will be considered, and
finally in this direction, torsional deformation will be con-
sidered.
Our proposal exhibits the limitation, and potential inherent
of closed-loop and finite dimension models, thus it would be
of interest to compare analytically against those iterative and
approximation theory methods.
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